We investigate the form factors of the chiral-odd nucleon matrix element of the tensor current. In particular, we aim at the anomalous tensor magnetic form factors of the nucleon within the framework of the SU(3) and SU(2) chiral quark-soliton model. We consider 1/N c rotational corrections and linear effects of SU (3) symmetry breaking with the symmetry-conserving quantization employed. We first obtain the results of the anomalous tensor magnetic moments for the up and down quarks: κ u T = 3.56 and κ d T = 1.83, respectively. The strange anomalous tensor magnetic moment is yielded to be κ s T = 0.2 ∼ −0.2, that is compatible with zero. We also calculate the corresponding form factors κ q T (Q 2 ) up to a momentum transfer Q 2 ≤ 1 GeV 2 at a renormalization scale of 0.36 GeV 2 .
I. INTRODUCTION
The transversity of the nucleon is an important issue in hadron physics [1] [2] [3] (see also the review [4, 5] ), since, together with the helicity distribution, they are the leading-twist parton distributions with which one tries to understand the spin structure of the nucleon. However, it is of great difficulty to measure the transversity of the nucleon because it decouples from deep inelastic scattering due to its chiral-odd nature. Only very recently, information on the transversity of the nucleon is available from the transverse spin asymmetry A T T of Drell-Yan processes in pp reactions [6] [7] [8] [9] as well as the azimuthal single spin asymmetry in semi-inclusive deep inelastic scattering (SIDIS) [10] .
The chiral-odd nucleon matrix element is parameterized by three form factors [11, 12] which we denote as H T (Q 2 ), E T (Q 2 ) andH T (Q 2 ). The first one was studied in Ref. [13] together with the tensor charges within the SU(3) chiral quark-soliton model (χQSM). Beside the tensor charges [14] , also the linear combination κ q T (0) = E q T (0) + 2H q T (0) was found to be interesting. It was found that κ q T is a more fundamental quantity [15] than E q T andH q T by themselves and describes the transverse deformation of the transverse polarized quark distribution in an unpolarized nucleon. Burkardt [16] investigated the connection of the quantity κ q T to the Boer-Mulders function h ⊥q 1 [17] and presented the relation
which is similar to the relation of the Sivers-function f ⊥q 1T [18] to the anomalous magnetic moment κ q , i.e. f ⊥q 1T ∼ −κ q [19] [20] [21] . The latter relation is confirmed by the HERMES collaboration [22] . The Boer-Mulders function h ⊥q 1 represents the asymmetry of the transverse momentum of quarks perpendicular to the quark spin in an unpolarized nucleon, while the Sivers function explains the transverse momentum asymmetry of quarks in a transversely polarized target. Both the Sivers-and Boer-Mulders functions contribute to SIDIS processes and a measurement of h ⊥q 1 can provide information on the anomalous tensor magnetic moment κ q T [23] . However, it is very hard to measure chiral-odd observables. So far, only the transversity distribution δq(x) was extracted [10] , based on a global analysis of the data of the azimuthal single spin asymmetry in SIDIS processes lp ↑ → lπX by the Belle [24] , HERMES [22, 25] and COMPASS [26] collaborations. The corresponding tensor charges were obtained as δu = 0.54 +0.09 −0.22 and δd = −0.23
+0.09
−0.16 at a scale of µ 2 = 0.8 GeV 2 [27] . In the present work, we aim at investigating the anomalous tensor magnetic form factors of the nucleon and extend our previous study on the nucleon tensor form factors [13] . The anomalous tensor magnetic moment is interpreted as a quantity that describes how the average position of quarks with spin in the x-direction is shifted to the y-direction for an unpolarized target relative to the transverse center of the momentum [16] . Some amount of theoretical works on the anomalous tensor magnetic moment was already performed, for example, in light-cone constituent quark models [28, 29] , on the lattice [30] , in the SU(2) χQSM [31] and estimations given in Ref. [32] . Presently all the results indicate positive values of the anomalous tensor magnetic moment for the up and down quarks, i.e. κ We will use the self-consistent SU(3) and SU(2) chiral quark-soliton model (χQSM) [33] in order to compute the anomalous tensor magnetic moments. The χQSM is an effective chiral model for QCD in the low-energy regime, consisting of constituent quarks and the pseudoscalar mesons as the relevant degrees of freedom. Originally, the χQSM was developed based on the QCD instanton vacuum [34, 35] and has only a few free parameters. These parameters can mostly be fixed to the meson masses and decay constants in the mesonic sector. The only free parameter in the baryon sector is the constituent quark mass that is fixed by reproducing the nucleon electric charge radius. Hence, all other baryon observables are obtained in exactly the same framework without adjusting further parameters. In the past, the model was very successful in describing basically all baryon observables [33] . Furthermore, the renormalization scale for the χQSM is naturally given by the cut-off parameter for the regularization which is about 0.36 GeV 2 . Note that it is implicitly related to the inverse of the size of instantons (ρ ≈ 0.35 fm) [36, 37] . It plays in particular an important role in investigating the tensor charges and anomalous tensor magnetic moments of the nucleon, since they depend on the renormalization scale already at one-loop level.
We sketch the work as follows. In Section II we briefly explain how to derive the anomalous tensor magnetic moments within the framework of the χQSM. In Section III we present the results of this work. Section IV is devoted to conclusion and summary. The explicit expressions for the relevant densities can be found in the Appendix.
II. ANOMALOUS TENSOR MAGNETIC FORM FACTORS
We begin with the nucleon matrix element of the tensor quark current, which is parametrized in terms of three tensor form factors
where σ µν is the spin operator i[γ µ , γ ν ]/2 and λ χ the Gell-Mann matrices where we also include the unity by λ 0 = 1. The ψ represents the quark field. The u(p, s 3 ) denotes the nucleon spinor of mass M with momentum p and the third component of the nucleon spin s 3 . The momentum transfer q and total momentum n are defined as q = p ′ −p and n = p ′ +p respectively. The Q 2 is defined as Q 2 = −q 2 with Q 2 > 0. In the previous work, we have already calculated the tensor form factor H χ T (Q 2 ) within the same framework. We proceed in this work to the anomalous tensor magnetic form factor κ
. In fact, it is technically rather complicated to consider the form factor E χ T (Q 2 ) and alsõ H χ T (Q 2 ). However, we will see that in the linear combination
In order to extract κ χ T (Q 2 ) from Eq. (2), we take the components µ = 0 and ν = k of the tensor current with s ′ 3 = s 3 = +1/2 fixed and use the Breit frame. Multiplying the matrix element by q k , we obtain
where E = M 2 + q 2 /4 is the on-shell energy of the nucleon. It is convenient to define a 1 In the notation of the generalized form factors of [15] the given form factors are related by
combined form factor H * χ
In order to compare the present results for the form factors with those of other works, it is essential to know at which renormalization scale the calculation was carried out, since the tensor form factors depend on the renormalization scale already at one-loop level. Hence, we will use the following equation [4, 38] in order to compare results obtained at different renormalization scales:
with Λ = 0.248 GeV and N c = N f = 3.
III. ANOMALOUS TENSOR MAGNETIC FORM FACTORS IN THE CHIRAL QUARK-SOLITON MODEL
We refer to Refs. [33, 40] for a detailed description of how to solve the form factors numerically. The parameters of the model consist of the constituent quark mass, the current quark mass m, strange quark mass m s , and the cutoff mass Λ of the proper-time regularization. They are, however, not free parameters but can be adjusted to independent observables without ambiguity in the mesonic sector. For a given M the regularization cut-off parameter Λ and the current quark mass m in the Lagrangian are fixed to the pion decay constant f π = 93 MeV and the physical pion mass m π = 140 MeV, respectively. Throughout this work the strange current quark mass is fixed to m s = 180 MeV which approximately reproduces the kaon mass. The only parameter left to fix in the baryonic sector is the constituent quark mass. The experimental proton electric charge radius is best reproduced in the χQSM with the constituent quark mass M = 420 MeV. Moreover, the value of 420 MeV is known to reproduce the best fit to many baryonic observables [33] . Nevertheless, we have checked in this work the M dependence of the results for the anomalous tensor magnetic moments.
IV. RESULTS AND DISCUSSION
We present now the results of the proton anomalous tensor magnetic form factors κ q T (Q 2 ) as obtained in the χQSM with the parameters fixed as described in the previous Section. We first discuss the moments κ q T = κ q T (Q 2 = 0) and then the form factors up to a momentum transfer of 1 GeV 2 . The anomalous tensor magnetic moment consists of the two contributions
where δq is the tensor charge. The tensor charge was investigated in the present framework in Ref. [13] while the quantity H * q T (0) is a linear combination of the form factors of the tensor current as described in the second Section of this work.
We will first discuss the contribution coming from the quantity H * T (0). In case of the χQSM it is customary to calculate first the contributions H * χ=0, 3,8 T , and to project afterwards on the quark flavors u, d, s by using Eq. (7). Table I constituent quark mass, the only free parameter in the χQSM, varied from M = 400 MeV to M = 450 MeV. We find that their dependence on M is rather mild, i.e. they are changed by about 3 − 6 % from the preferred value with M = 420 MeV, in line with the previous form factor calculations in the model. In Table II , we list respectively each contribution of the valence and Dirac sea quark parts, and of the SU(3) symmetric and breaking cases for H (0). In the second and third columns, the contributions of the SU(3) valence and sea parts are listed. In the fourth and fifth columns we list the SU(3) symmetry breaking contributions and the final vules, respectively. In the last three columns we list the SU(2) valence, sea and complete values for the iso-singlet and iso-vector cases, H * χ=0,3 T (0). All results are produced with the constituent quark mass of M = 420 MeV.
SU (3) SU ( T (0) and those of the tensor charges δq = H q T (0) Ref. [13] . In the second and third columns, the contributions of the valence and sea parts are listed, respectively. In the fourth and fifth columns we list the SU (3) anomalous tensor magnetic moment κ q T separately. The tensor charges δq were studied in Ref. [13] within exactly the same framework. The results for for the SU(3) and SU (2) versions of the χQSM are presented in Table III . Comparing the results of these two versions, we see that they give nearly the same total values for the up and down quarks, H * u T (0) and H * d T (0). However, the individual decompositions are different. While the valence quark contribution is comparable in both versions, the Dirac-sea contributions show different features. In the case of SU(2), the Dirac-sea contribution nearly vanishes for the iso-scalar case. This has the consequence that the Dirac-sea contributions to up and down quarks come almost completely from the iso-vector case and therefore yield the same absolute value but with opposite sign. This can also be seen in the SU(2) χQSM work [31] . In the case of the SU(3) version, it is the sum of the Dirac-sea and the strange quark mass correction which nearly gives the same contribution in absolute value to the valence part and is comparable to the SU(2) Dirac-sea component.
We now come to the strange form factor H * s T . We find that the sea quark contribution is substantially larger than the valence one. This can be understood qualitatively from Eq. (13) in which we have r 3 in the integral. This factor amplifies the long-range tail of the densities when we carry out the integral. A similar result can be found in the neutron electric radius [33, 40] in which the Dirac sea part is almost the same order of the valence one. However, the dependence of H * s T on the constituent quark mass M is also rather sensitive. Thus, we give the results for H * s T in the range from M = 400 to 450 MeV and will regard this as our theoretical uncertainty.
The effects of SU(3) symmetry breaking are mild but nonnegligible on H * u
T and H * d
T . They are oppositely polarized to the valence part, so that they reduce the magnitudes of H * u T and H * d
T by almost 10 % and 20 %, respectively. The contribution of SU(3) symmetry breaking is noticeably large in the strange form factor H * s T . Moreover, it depends sensitively on the constituent quark mass M. In the case of M = 420 MeV, it cancels out the SU(3) symmetric part, so that H * s T (0) almost vanishes. We want to stress that the form factors H χ=0, 3,8 T are insensitive to the constituent quark mass M. They are generally changed by about 5 % with M varied from 400 MeV to 450 MeV. However, H * s T shows strong dependence on M. Because of this behavior of H * s T (0) we conclude that this quantity is at the numerical limit of the χQSM. However, what we do infer from the given values for H * s T (0) is the fact that the individual parts always destructively interfere for a given M. Hence, the χQSM yields a small H * s T (0) and together with the small value of δs the χQSM predicts a small strange anomalous tensor magnetic moment κ s T of the proton. The results for the flavor-decomposed anomalous tensor magnetic moments κ q T . In the second and third columns, the contributions of the valence and sea parts are listed, respectively. In the fourth and fifth columns we list the SU(3) symmetry breaking contributions and the total value for the SU(3) χQSM. For the strange form factor κ s T , we present its results in the range with M varied from 400 MeV to 450 MeV. In the last three columns we list the corresponding values for the SU (2) 
The results for the anomalous tensor magnetic moments κ q T can easily be read off from Table III, Table IV for the SU(3) and SU(2) χQSM versions. In both versions we obtain nearly the same values for the up and down contributions κ T with other works. In the first two columns, the final results of the present χQSM work in the SU(3) and SU(2) version are listed. In the second and third columns, we list the corresponding results of the SU(2) χQSM [31] and those of the lattice calculation [30] . The lattice calculation was done at a scale of 4 GeV 2 where we give in parantheses the corresponging value at the χQSM scale of 0.36 GeV 2 .
The last column lists the results of the light-front constituent quark model (LFCQM) [29] . We also list the renormalization-independent ratio κ u T /κ d T in the last row. For the strange form factor κ s T , we present its results in the range with M varied from 400 MeV to 450 MeV.
Present work SU(3) Present work SU(2) χQSM SU (2) We now compare in Table V our results for the anomalous tensor magnetic moment with those of other works [28, 30, 31] . Wakamatsu [31] investigated κ q T within the SU(2) χQSM and Ref. [30] computed this quantity on the lattice. In Ref. [29] the anomalous tensor magnetic moment was studied in SU(6) symmetric light-front constituent quark models. We present also the renormalization scale-invariant ratio κ grows. The feature of the strange form factor seems very similar to the neutron electric form factor.
FIG. 1: (Color online)
The results for the SU(3) flavor-decomposed anomalous tensor magnetic form factors. The solid curve draws the up anomalous tensor magnetic form factor, whereas the dashed and short-dashed ones depict the down and strange ones, respectively. The constituent quark mass M = 420 MeV is used. In Fig. 2 we compare the present results of the up and down anomalous tensor magnetic form factors with those of the lattice [30] . In order to compare the Q 2 dependence directly, we have scaled the form factors by the corresponding values at Q 2 = 0. This has also the advantage that the renormalization scale dependence is canceled out. In the left panel, we first show the present up form factor and the corresponding lattice one. The lattice result decreases rather slowly as Q 2 increases, compared to the present result. This is a natural tendency of the lattice calculation because of the large value of the pion mass. We find the similar behavior in the case of the tensor form factor δu(Q 2 ) [13] . In the right panel, we draw the result of the down form factor in comparison with that of the lattice calculation. Interestingly, the present result shows almost a similar Q 2 dependence to the lattice one. It is also interesting to parametrize the up and down form factors in a simple form such as
The results for the power α and the pole mass M α are given in Table VI . Actually, Göckeler et al. [30] have used the ansatz given in Eq. (16) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . The power α = 2.5 was used for all the lattice data. The Fig. 2 can be reproduced with the above given data.
V. SUMMARY AND OUTLOOK
In the present work, we aimed at investigating the anomalous tensor magnetic moments κ q T and its corresponding form factors of the proton within the framework of the self-consistent SU(3) and SU(2) chiral quark-soliton model (χQSM). Generally, the anomalous tensor magnetic moments are given by two contributions: κ q T = −H * q T − δq where δq is the tensor charge and H * q T is a certain linear combination of the form factors appearing in the nucleon matrix element of the tensor current. We first computed the quantities H * q T in the SU(3) and SU(2) version of the χQSM. We saw that, in contrast to the tensor charges δq, the quantities H * u,d,s T have in the present framework noticeable contributions from the Dirac-sea and linear strange quark mass corrections. Interestingly, in the case of the SU(3) version these two contributions arrange each other in such a way that their combined SU (3) value is comparable to the SU(2) Dirac-sea value. As a whole, since the valence quark contribution in both versions is nearly the same, we obtain therefore for the components H * u,d
T in both versions consistent (comparable) values. For the strange quantity H levels:
